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Introduction
e Informative sampling - the sample selection
probabilities depend on the values of the
model outcome variable (or the model
outcome variable ) is correlated with design
variables not included in the model). See
Pfeffermann et. al (1998).

e In addition to the effect of complex sample
design, one of the major problems in the
analysis of survey data is that of missing
values or nonresponse.

e For inference problem, Little (1982) classify
the nonresponse mechanism as ignorable
and nonignorable.

Cross-Classification on Sampling Design and
Nonresponse Mechanism

Sampling Nonresponse Mechanism
Design ignorable | nonignorable
informative 11I-Observed | In- Missing
noninformative | ni- Observed | nn-Observed

e Brick (2013, JOS) ...Thus, bias is often the largest
component of mean square error of the estimates
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Response Distribution
U ={L,..., N}- finite population
y.- value of y for the ith population unit

X, 1€U -value X - auxiliary variable

L= {Zl,...,ZN }values of known design variables

. =Pr(ies

X,y,2) >0

w, =1/7z, sampling weight ; i =1,..., N
Yis-er Yy ind rvs with pdf £ (y, | x,,0)

| =1ifunitieU issampled |, =0 W.O
s={i|ieU,Il =1} - sample size n
s={i|ieU,l. =0} -nonsampled unit

R =1lifunities isobserved R =0 W.O
r ={i es| R =1}-response set

r ={i es| R =0}- nonresponse set

w, =Pr(ier|x,y,z") > Oresponse probability
¢, =1/, - response weight
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o Sample distribution, Pfeffermann et al (1998)

Ep(ﬂ'—i |Xi’yi17/)fp(yi |Xi’9)

f.Qy, [x,0,7)=
S(yll I 7/) Ep(ﬂ'i|xi,9,7/)

° Nonsampled dist. Sverchkov and Pfeffermann (2004)

Ep(l_ﬂ-i |Xi’yi’7/)fp(yi |Xi’9)
Ep(l_ﬂ-i |Xi"917/)

fs(yi |Xi’e’7/):

e Response dist. Eideh (2002PhD, 2007):

(Y 1%.0,m,7)=1(y.|%,0,n,7,ier)
_ Es(l//i |Xi’ yi’y)Ep(ﬂ-i |Xi’ yi’n)fp(yi |Xi’0)
E. (v, 1%.,0,n,7)E (7, %,6,17)

e Nonresponse dist.

f(y|x)= - ES,{(i/j_i lE)j(,;ll ?}st)éy | %)
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Relationship between E ,E_,E,E ,E,
e Pfeffermann and Sverchkov (1999)

Ep(yi | Xi): {Es(wi | X )}_l Es(Wi Yi | Xi)
e Sverchkov an Pfeffermann(2004)

E {(w -1)y. |x}
E, Ix )= S i i i

S(yll I) Es{(wi_l)lxi}
e Eideh (2002, 2007, 2016):

_E(gwyi[x)
E, (4w %)

A= )ARY
Er {(¢| _1)| Xi}

E,(y; %)

E, (v, %)
1
E.(41Y;)

Er{¢i (Wi _1)yi | Xi}
Er {¢| (Wi _1)| Xi}

E, (v ly,)=

Es(yi | Xi):
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e Also, we can show the following:

L0 =g A (1)

fyiIx)= EE{(z ;)J)T‘)’(iy}‘} f(yi %)

X :Er{(¢i(wi_1))|xi’yi} X
f(yi 1) E (AW _1)|x! £y %)

e Example: Method of Moments Estimator of
Census Log-Likelihood

U(8)=a1()/06 = ialog f (y

0(0)=3q {a log fgfgyi X ,9)} 0

wg

E, (W x,)

X,,0)/00=0

q =
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Estimation of response weights
¢ =Ly foralller

e If the nonresponse mechanism is NMAR,

then values of Y, for I 1 is available, but

for 1 ¢ Fare not available, so we cannot fit
the following model:

WKXHMiy):F”(Ri:1|i68’&’y0
_ o exp(y, +7X% +7,Y0)
1+expexp(y, + 7% +7,Y,)
e Sverchkov(2008)
R. : Bernoulli(y, (x.,y,,7))
%,y = (Y, 7)) =i (X, 7))

1-r,

e MLE y:

Aly) _ 5-0log(wi(x.¥.7))

8y icr 8y

Za log(l—w(%.¥:.7)) _
Oy
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e Using the missing information principle (see
Cepillini et al 1955 and Orchard and
Woodbury 1972). The idea is to take the
expectation of likelihood equation with
respect to the superpoulation model, and
use the relationship between the moment
under response  and nonresponse
distributions.

elet O=0,UO, be the available
Information, from the sample and response
set

e So that, the observed log-likelihood equation
IS:

. olog(w, (XY, 7))

; {Er([qﬁii Y y)—l]agig(l— AP ))jo} By
E,[(¢(x.y,,7)-1)O]
e Hence

W, = Wi(j}):Wi(Xi’yi’j)): Pr(i rIXi1yi177)-
e For more see Reddles, Kim (2016).
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Parametric Estimation under in
e ASSUMe  response measurements are
Independent,

Lr,in(e,U’V):ﬁ fr(yi |Xi’0’77’7/)

—I]— E.(w, %, Y. 7)E (7 | %, ¥, m)f,(y, | x.0)

=1 s(l//i|Xi,t9,77’ ) p( ilxi"g’n)

e\Weighted response likelihood - weights
e Estimation: Four steps method

e Step 1: Estimation ofy,:¢. =1/y7,

o Step 2: Estimation of the effect of
nonresponse mechanism

Es(';”i |Xi’yi’7/):

1
Er(¢i |Xi’yi’7/)
e ¥ can be estimated by regressing ¢fi on
(x., Y. ) using the data set{ﬁ, V., X, i€ r}.
o Step 3:

Ep(yi |Xi’77):

E, (dwy, |Xi)_ X
E, (g, | %) = E byl
W

" E(gw |x)

e 17 can be estimated using regression analysis.
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e Step 4. maximizing

~

Ir.in (9): imllog fp(yi | Xi’g)
-3 logE, (7, |,.0.7)

_EIOgEs(Wi |Xi’6’77’77)
Daniel Bonnéry, F. Jay Breidt, and Francois
Coquet (2018):

Asymptotics for the maximum sample likelihood
estimator under informative selection from a finite
population

e Abstarct: ...While the sample likelihood
methodology has been widely applied, its
theoretical foundation has been less
developed. A precise asymptotic description
of a wide range of informative selection
mechanisms is proposed.

. Under this framework, consistency and
asymptotic normality of the maximum
sample likelihood estimators are established.
The theory allows for the possibility of
nuisance parameters that describe the
selection mechanism.

® The proposed regularity conditions are verifiable for various sample schemes,
motivated by real problems in surveys. Simulation results for these examples
illustrate the quality of the asymptotic approximations, and demonstrate a
practical approach to variance estimation that combines aspects of model-based
information theory and design-based variance estimation.
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New Test of Nonignorable Nonresponse

_ _E(@wix)
MO G 1,y U
1.Note that f (y,|x )= f (y,|x)unless

Er(¢iWi | %, yi): Er(¢iWi | Xi)
e Regress gw. on X, Y
e Test coefficient of . is zero

2. Use KL distance between f (y.|X ) and
£, (v %)

e Suggestion: New measure of
representativeness (Call it Generalized
measure) of a response set:

variance of gw,

e Existing measure assume the sample is srs
and MAR nonresponse mechanism.

e Furthermore! Regress ¢ on W. ( or w.and
X.) to predict ¢ forier andies, se we
have ¢ iU !l

e Bias reuction postaratification based on gw
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Parametric Prediction of Finite Population
Parameter under iIn

e General Theory: Single-stage population
model (two-stage in progress)

T= Zy LYt LY =LY LY LY,

ies ies ier ier ies

e For the prediction process we have the
following available information:
O=0, U0,

=[i(x.1,)ieU} iz R, iesj]

[{(y,,w,,x)ler}\les] N, n,and m

O,

e T =T(O) - predictor of T based onO.
e The mean square error (MSE)

wse, ()= &, | -7} 10|
—{f—E (T|0)} +Var (T |0)

e is minimized when T = E, (T | O)

13



ITACOSM 2019, Survey and Data Science

e Now we consider the following:

T"=E,(T|O)
— ; Y, +2 Er(yi ‘O)_"gs: Es(yi ‘O)

ier

e The empirical predictor for T :

e Based on relationships between moments:

: E {(¢ -1)y.}
T =Xy +x 0
ler ler Er {(¢| _1)}
4 Z Er{¢i (Wi _1)yi}
< E{g(w -1);
e Hence, T can be estimated based only on the
data in the response set {yi JGW. i e r}.

14
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e Using method of moments estimator, we can
show that, the best linear unbiased predictor
for T is:

B _ Zier(¢i _l)yi
Tin _gyi_l_(n m) Z,Er(¢i—1) +
Yo 4, (W, 1)y,
N —
NS w—1)
= gawi Yi
Wln _1_|_(n m) (¢ 1) (N _n) ¢i (Wi _1)

Iel’(¢ 1) Dict ¢i (Wi _1)

Note that
@) D, (¢| _1)yi is the Horvitz Thompson estimator of ) - Y. .

(b) D, ¢i (Wi —l)yi is the Horvitz Thompson estimator of
Zie§ yi
n—m

Zier (¢. _1)

controlling the variability of the response weights.

is the “Hajek type correction” for

(©)

15



ITACOSM 2019, Survey and Data Science
N—n
” ( )
Zier ¢i (Wi _1)

controlling the variability of the product of response
weights and sampling weights.

is the “Hajek type correction” for

e Itis easy to verify that

(a) Under nn:

(¢i_1) +(N—n) ¢i

w™ =1+(n-m)

Zier (¢| _1) Zier ¢i
(b) Under ni:
W :1+(n—m)+(N -n) _N
m m m
(c) Under ii:
w' :1+(n_m)+(N —n) W, —1

16
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e Also, we can show that

Ti: — Z yi + Z Es(yl‘O)_I_é Ep(yi ‘O)_

ier ier

[sConlonjol, poorfm. o]

¥ 1-E(0) ' 1-E,(z,0)

and

ler Es (1_W|)

(z{(Ep(yi )—E.(y,))+ S0 )} +\>

Cov,(7,,Y,)
5 1-E,(x)

Therefore, the predictor T, is unbiased T if:

17
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(a) COVS (W| 1 yi ) = O’ (OrCOVr (¢|’ yi ) = O )
that is, there i1s no correlation between the study
variable and the response probabilities . |,

consequently, nonresponse mechanism is ignorable,
and

(b)Cov, (7,,y,)=0,

(orE, (¢| )Er (¢|W| Yi ) =E, (¢| Yi )Er (¢iWi )

that is, there is no correlation between the study
variable and the first order inclusion probabilities 7.

, S0 sampling design is noninformative.
If (a) is satisfied then (b) becomes Cov. (@W., y,)=0

In other words, if the sampling design is
noninformative and response mechanism is

ignorable, so that Ep(yi): E.(y,)=E.(y,), then

T in unbiased of T .
Note that, the stronger the relationship between the
study variable and the response probability, and the

study variable and first order inclusion probabilities,
the larger the bias.

18
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e \We can show that

[ [__ Cov(sw.y) |

;| EGmE (6 -D) |

A_ ) [E(8wY,)E (4)-E.(#Y,)E. (4w)
)= 1 e GwE (4

S BE(uy)-E e £, (4w
CEEwEw)-E@)]

e Hence, the bias B( )can be estimated

based only on the data in the response set,
{y.,é,W. i er}, using method of moments

estimates technique, that is, replace the
moment under the response distribution by
the average over the response set, for
example E (3, )=m™Ya,.

e To test the iInformativness of sampling
design, see Pfeffermann and Sverchkov
(1999) and Eideh and Nathan (2006).
Moreover, for testing the ignorability of
nonresponse mechanism, see Eideh (2012).
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Particular cases:
Case 1: nn

T, = ; Yi +§ Ep(yi ‘O)+§ Ep(yi‘O)
< Cov,[(w;,y,)O]

« 1-E, (v|O)
 Cov, (4w, y,)
< TE (pw)E (g, -1} >
| E (WY, )E (¢)-E, (Y )E (W)
E, (4w, )E (4 1)}

Case 3: 1i

C .y . )O
T"*=§yi+§Es(yi\0)+§Ep(yi\O)—§ OVp[(7Z', yu)‘ ]

= 1-E,(7]0)
- E(6E.(awy)-E. (Y. (hw)
B(T..*):—<ier 5 (9B, (9w) >
VS E(E(wy)-E. (6. E. (aw)
= E(gw)[E (gw,)-E. (4]

20
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Simple Ratio Population Model (in)

* Vil > N(px ,o°x,).i=1,..., Nindependent
Ep(ﬂ.i‘yi’xi): exp(noxi +771yi)
Es(wi‘yiixi):exp(yoxi +71yi)

Y, |Xi:N((7710-2+IB)Xi’GZXi)’i:1 °°°° n

Y [ X, - N((ﬂlaz +7,0° +IB)Xi,c72Xi)i =Lm

Ti:,R :gyi +(i§Xi _gxi)ﬂ'l'
(oo exp(yex M (7,)
neox=lne’ )1—exp<yoxi>ms(m}+

oy exp(x )M (1,)
% \_ (7716 " )1_ eXp(ﬂo X )M p (771 )}

N

N

21
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(m.0°x,)

- (7710- X )+ (7/10-2Xi )

exp(7,x M. (7,)

1—exp(y,% )M, (7,

exp(17,% M, (17,) }
1- eXp(UoXi )M p (771)

22
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Particular cases:
Case 1: nn,m =0

Tnt\,R — ; Yi +(gulxi _gxi)ﬁ'F
.y P X M, (7,)
g‘{_ (7/10 Xi )1—eXp(7/0Xi )M p(yl)}
oy (M ()
(.o'x)

BTn;R :_Z |
( ) ier_ya 1_exp(7oxi)Mp(71)_

Case 2: nn@p =0),(y =0y
TnTR :Zyi +Zﬂxi +Z:8Xi
) ’B(TniR)
=2 Y+ (XX -XX)p |

ier ieU ler

Case 3: 11 (y =0):
TiiﬂjR — ;yu +(i§ X _gxi)ﬂ'F

{ (o™ ) exp(7,%, M, (,) }

_ 1- eXp(UoXi)Mp(nl)
> [ (0%, )J+

B(Tii*,R): — _(77 N ) exp(770Xi )M p(771) }
1 )

| 1—6Xp(770Xi Mp(ﬂl) )

'

m
7

G L
(58)
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Prediction of Census Likelihood

L,(6)=T110g £,(y,1,6)
1,(6)=Tog L,(6)= log T,(y, x,6)+

Slog f,(y, 1%,6)+log f,(y, 1x,6)

ier ies

MLE
01,(8) _.0l0g £,(y,1x.6)
06 icr ol
2109 £,(y,1%,0) . 2log f,(¥,[%.0) _,
ier 00 ies 06

But y; not observed fori € r,i € s and, so use
missing information principle, we can show that
MLE SATISFIES
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,(0)_, 0109 1,(31%,0)

89 ier 80
S E (dlog f (y, |xi,(9)o\+
ier rk 89 /
S E (dlog f,(y, lx"e)o\:o
ies S\ 80 )
USING
E (y |x)= E (¢ -2y, |x}
r\Ji |7 Er{(¢| —l)| Xi}

Er{¢i (Wi _1)yi | Xi}
Er {¢| (Wi _1)| Xi}

Es(yi |Xi):

25
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aIog fp(yi |Xi’0)+
00 e 00

Er{(ﬁ _1)8Iog fpégi |xi,6’)| Xi}

er Er{(¢i _1)| Xi}
Er{ﬂ(wi _p)210g £, (1%, 0), Xi}

_I_

06

Er{¢i(wi _1)|Xi} -0

™M

m
7]

If we assume that E {e| X} = E, {®} uege

olog f (y,|x,0)
_r | | :O
29 00

¢ z1+(n—m)¢;‘_1+(N -n) (W _1)A

$ -1 av(gw)- ¢

Pseudo MLE with adjusted response weights ¢/
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Conclusions

e | hope that the new mathematical statistical
results obtained will encourage further
theoretical, empirical and practical research
In these directions.
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