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*3.. Calibration methods to be discussed
Traditional model-free calibration (MFC)

Deville J.-C. & Sarndal C.-E. (1992)

Sarndal C.-E. (2007)

Lehtonen & Veijanen (2009) (domain estimation)

Model-assisted calibration (MC)
Wu & Sitter (2001) (Model calibration)
Montanari & Ranalli (2005)
Lehtonen & Veijanen (2012, 2016) (domain estimation)

Hybrid calibration HC)
Montanari & Ranalli (2009) (Multiple model calibration)
Lehtonen & Veljanen (2015) (domain estimation)

Two-level hybrid calibration (HC2)
Lehtonen & Veljanen (2017)



3. Questions of interest

Relative design-based properties of MFC, MC, HC and HC2
Horvitz-Thompson (HT) vs. Hajek (HA) type calibration
estimators of totals and proportions for domains

Accuracy properties
Distributional properties of calibrated weights

Main interest: What happens in small domains
(with small domain sample size)?

Empirical framework
Design-based simulation experiments

Generated & real populations
GLMMs



=3, Target parameters

Domain totals for continuous target variable y

ty =2 Yo d=1....D
Domain proportions

t Ze y
pd:NOI - kNUOI k’ d=1....D
d d

where the target variable y is binary (1: in poverty, 0: otherwise)

U ={1...,k,...,N} unit-level population
U, cU, d =1,...,D domains of interest
R, oU,,d=1...,D supersets, higher-level regions (for HC2)

We assume access to auxiliary data vectors
!
X = (Xyeres Xjperen Xy ) fOr every k e U



3. Sample data & estimator types

s c U sample from U with sampling design p(s)
r, =s R, part of sample s falling in higher-level area R,
s, =snU,, r, os,, partof sample s falling in domain U,
a, =1/, design weight, 7, inclusion probability

HT and HA type calibration estimators for domain totals
of continuous vy:

~n

. N -
Lot = Wk Y« and Laa :N"—thT’ Nd = Wk

kESd kESd

Proportions for the binary y:

~n ~n

t t
A _ LdHT A _ dHT
Panr = and Py, ==

Nd Nd
where w, are method-specific calibration weights




Calibration at domain level U,

Calibration equations for MFC, MC and HC
dwuz => 2z, d=1..,D (1)

iesy ieUy
w, calibration weight for element i in domain d
z. generic calibration vector for unit |

We minimize Y Mo =8 _ ), (deizi - Zzij 2)

kesy ak €Sy ieUy

subject to calibration equations (1)
Equation (2) is minimized by weights w, =a, (1+ Nz, )

/

N, [z ZJ [z@] d=1..D

eUy €Sy €Sy



. Calibration vectors for Horvitz-Thompson (HT) and
5. Hajek (HA) type MFC, MC and HC estimators

HT type: Calibration vector z. = (LX), i €U,
MFC | HA type: Calibration vector z. =X, i €U,
Xa =(Xy,..,X;;)" calibration x-vector

HT type: Calibration vector z, =(1y.), i €U,

HA type: Calibration vector z, =y, i eU,

MC o
y. =f(x;, (B+u,)), i eU,, predictions from the mixed model

Xyi = (L Xy,...,X; ) model x-vector

HT type: Calibration vector z, =(1y,Xg), i €U,

HA type: Calibration vector z, = (y,,x.)’, i e U,

HC |y, =f(x;, (B+1,)), i eU,,

X calibration x-vector, x,, model x-vector

X and x,, are separate or overlapping sub-vectors of X,
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Calibration at domain U, & region R, levels

Calibration equations for HC2

> w,z? => z% MC part (lower level, domains) (3)
iery ieUy
> w,z® =>"z® MFC part (higher level, regions) (4)
iery ieRy

where r, =s N R,, supersets (regions) R, o U, (domains)

With suitably defined z® and z!¥, we minimize

)
7
Zi(l) ] Z l

ieRy

>

ieRy

> We=a) x5, (5)

2
kery ak iery (Zf )

subject to calibration equations (3) and (4)

Equation (5) is minimized by weights w, =a, (1+ Az, )

-1

! !
D D (1 (1)
Z. yA A VA
x-[z[%)-zal%]] | a5 2
r 2 il _(2 il _(2 2
iR, Zi() ier, Zi() =3 Zi() Zi()

NOTE: Weights for k e r, outside s, tend to be small in absolute value
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Calibration vectors for HT and Hajek type two-

level hybrid (HC2) estimators

Level 1 (domains) calibration vectors for MC
HT type: z® =(x§,yP), i eR,

HA type: zP =y® i eR,

x® =1 y® =y, ieU,

x$9 =0,y =0,ieR,\U,

y. =f (X, B + u,)), i eU,, x,, model x-vector
Level 2 (regions) calibration vectors for MFC

z® =x,ieRy, X calibration x-vector
X and x,, are separate or overlapping sub-vectors of x,

NOTE: tAdHT—HCZ = Zker w. Y, (similar for other HC2 estimators)
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~ EXAMPLE 1: Domain totals for simulated
*¥. population

Design-based simulation experiment with generated data
Ve =B+, ) +Uyy +(3+Uy)Xy, +@+U, )X, + BagXa + &,
Fixed finite population of 1,000,000 units

40 domains of interest: Minor (15 domains)
Medium-sized (15 domains)
Major (10 domains)

Higher level regions: 4 regions, 10 domains per region
Monte Carlo experiments
K =10,000 SRSWOR samples of n = 2000 units
Fitted models: Linear mixed models

Y = Do +Ugg + BiXy + LoXo + BXy + &

11



Calibration vectors for HT & HA type estimators

MEC HT calibration vector z. = (1,X;,X,.,Xs;)’
HA calibration vector z. = (X;,X,,X5), 1 €U,

Predictions for HT and HA type MC, HC, HC2

yAi =L+ l:io(j + Xy + BoXo + BiXy, 1 €Uy

HT calibration vector z. = (1,y,)’
Me HA calibration vector z, =y,
HT calibration vector z, = (1,y,,X,,)’, i € U,
HC HA calibration vector z. = (y,,x;,), i € U,
Calibration vectors:
HT Level 1: z® =(x{,yPY), i eR,
HA Level 1. zV =y® i eR,
e g =gy, iey,
x=0,y®=0,ieR,\U,
HT and HA Level 2: z¥ =x,, i eR,
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_ Accuracy of estimators

Relative root mean squared error (RRMSE)

RRMSE(t,) :\/%Z(fd(si)—td)z /t,, d=1..,D
i=1

where

fd (s;) estimate from sample s, for domain d
t, known parameter value in domain d
K number of simulated samples

NOTE: MFC, MC, HC and HC2: Nearly design unbiased
Largest ARB(t,) < 0.2%
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Table 1 Median RRMSE (%) of design-based HT and Hajek type calibration
estimators for totals for 40 domains in three domain sample size classes
(Generated population)

Expected domain sample size

Minor
12

Medium
40

Major
122

All

Expected domain sample size

Minor
12

Medium
40

Major
122

All

RRMSE (%) HT type estimators

RRMSE (%) Hajek type estimators

Model-free (direct) method

MFC 8.82 1.62 0.78 1.72 6.39 1.89 0.91 1.98
Model-assisted (indirect) methods

MC 4.29 1.58 0.78 1.67 4.53 1.85 0.91 1.96
HC 5.49 1.60 0.78 1.69 4.90 1.88 0.92 1.99
HC2 4.25 1.58 0.78 1.67 4.55 1.86 0.91 1.96
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*3. Distributional properties of calibrated weights

Problems of practical concern in model-free calibration:
Possible large variation of weights
Weights smaller than one
Positive but extremely small weights
Negative weights

To what extent can model-assisted calibration methods help?

Any differences between HT type vs. Hajek type methods?

Small simulation experiment:
100 SRSWOR samples of size 2,000 elements from U

Results:
Median of interquartile range (IQR) of weights

Distribution of weights by domain size

15



Table 2 Median interquartile range (IQR) of calibrated weights
w, for HT and w,,,, for Hajek relative (%) to the IQR of HT-

type MFC in minor domains

Expected domain sample size

Method | Minor | Medium | Major | Minor | Medium | Major
HT type w,, Hajek type w

Model-free (direct) method

MFC 100 51 30 79 43 26

Model-assisted (indirect) methods

MC 61 35 21 43 28 14

HC 78 43 25 60 36 21

HC2 61 36 21 47 28 16
W

Woagk =

=N, x dk
d
Zkesd de

16
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Fig. 1 Distribution of weights by domain size class
HT type calibration estimators
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Fig. 2 Distribution of weights by domain size class

Hajek type calibration estimators

weight

weight

1000 1500 2000

-500 0 500

-1000

1000 1500 2000

-500 0 500

-1000

mfc-hajek

1

1

1

.........
:. :;::.. ..................

gé 38 5
8,82
s 8985
8 20 %6
o % 4
9% 9 06800

o 88
TTTTITTTITT I T T T T T T T T T T T T T TTITTTITTTITTTITIT T
0 3 6 9 12 16 20 24 28 32 36

domain
hc-hajek
Oo e 8
8o, 8o 8 °g °
3 88,0880
80°.089 §§g8°o

8 884 e
e ﬁs ™
80800 o

TTTTT T T T T T T T T T T T T T T T T T T T T T T T T TITT7T
0 3 6 9 12 16 20 24 28 32 36

domain

weight

weight

1000 1500 2000

-500 0 500

-1000

1000 1500 2000

-500 0 500

-1000

mc-hajek

1

1

1

IR '||: ||||||

.........................

H
LLLLL

TTTTTT T T T T T T T I T T I T T I T T T T T T I T ITITTT]
0 3 6 9 12 16 20 24 28 32 36

domain

hc2-hajek

a [<]

o]
o

|||||
|||||
[ lIJ‘J.L

TTTTT T T T T T T T T T T T T T T T T T T T T T T I T T T ITTIT7T
0 3 6 9 12 16 20 24 28 32 36

domain

18



~ EXAMPLE 2: Domain poverty rates for real
*¥. population

Design-based simulation experiment with real data of 795,000 adults

Regional hierarchy: LAU1 regions within NUTS3 regions
Domains of interest: 36 LAUL regions
Higher level regions: 7 NUTS3 regions

Estimation of poverty rate for the D = 36 domains
Overall poverty rate in population: 14.3% (9.9 - 22.4%)

Monte Carlo experiments: K = 1000 simulated samples
SRSWOR sampling of n = 2000 persons

Auxiliary information
X, = (X Xop s Xar Xas Xs» Xg, ) QUXIlIAry data vector

X, and X, Indicators for three-category labor force status
X, Indicator for sex class
X,, X; and X, Indicators for four-category age

19



| Calibration vectors for HT and HA type methods

MFC

HT calibration vector z, = (1X¢,)"; HA calibration vector z. =X, i €U,

_ !
X = (Xyis Xo1y Xgi s X5 Xs; Xg;

2177311745 7Y5ir

MC, HC, HC2: V. =exp(X.B+U,)/ (L+exp(X,B+0,)), i €U,

Model x-vector X,, = (1,X;, Xy, Xais X405 Xsi s Xg; )’

MC . . A 3i?17M4i1 7750 . o
HT calibration vector z. =(1y.)"; HA calibration vector z. =y, i eU,
Model x-vector x,, = (1,X;,X,;)" for LF status
HC | Calibration x-vector X, = (X,,,X,:,Xs:, X)) for gender and age group
HT calibration vector z. = (1y,,x(,); HA calibration vector: z, = (y,,x¢,;)’, i €U,
Model x-vector x,, and calibration x-vector x, as in HC
Calibration vectors
HT Level 1: z® = (x5, yPY, i eR
HC2

HA Level 1. zP =y® i eR,
xW=1,yP =y, ieU,; xP=0y9=0,ieR,\U,

Oi

HT and HA Level 2: z¥ =x_, i e R,

20



Table 3 Median RRMSE (%) of design-based HT and Hajek type calibration

estimators of poverty rates for 36 domains in three domain sample size classes

(Real population)

Expected domain sample size

Minor
<25

Medium
25-50

Major
>50

All

Expected domain sample size

Minor
<25

Medium
25-50

Major
>50

All

RRMSE (%) HT type estimators

RRMSE (%) Hajek type estimators

Model-free (direct) method
MFC 70.8 48.7 30.9 48.7 64.6 47.7 30.6 47.7
Model-assisted (indirect) methods
MC 54.6 44.0 29.9 | 440 | 53.9 43.6 30.2 | 43.6
HC 69.5 47.1 30.6 47.1 64.1 47.5 30.9 47.5
HC2 55.2 44.2 30.0 44.2 54.2 44.1 304 44.1
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Summary of results

All estimators considered appeared nearly design unbiased

Model-assisted calibration estimators outperform direct model-free
calibration in accuracy, in small domains in particular

Model-assisted calibration shows best overall accuracy

Hybrid calibration offers coherence property for selected
X-variables but can suffer from instability in small areas

Two-level hybrid calibration decreases instability and can provide a
good compromise

Model-assisted calibration and two-level hybrid calibration indicate
best weight performance, for Hajek type calibration in particular

Hajek type model-assisted calibration MC and two-level HC may offer
safe choices when negative weights are not allowed

22
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Thank you!



